The tradeoffs of allowable flight loads and safety of aerospace structures via deterministic and probabilistic design methodologies are analyzed. The methodologies are illustrated by performing allowable flight load calculation of a sandwich panel used in aerospace structures. The effect of using a more accurate prediction technique for interfacial fracture toughness that combines interfacial fracture toughness with mode mixity instead of using the traditional model that disregards mode mixity is explored. It was found that by utilizing this more accurate model with the change in B-basis properties, the deterministic approach allows a 13.1% increase in the allowable flight load and a reduction of probability of failure by a factor of five. The probabilistic approach allows a 26.5% increase in allowable flight load, while maintaining the original probability of failure. Nomenclature C = capacity of structure, for example, yield stress e A , e MM = errors in fracture toughness assessment corresponding to traditional (averaging) method and method with mode mixity, respectively e C , e R = error factors for C and R, respectively e rms = rms error G = strain energy release rate K 1 , K 2 = mode 1 and 2 stress intensity factors, respectively p, p max = load and critical load, respectively p allow = allowable flight load R = response of structure, for example, stress R 2 adj = adjusted coefficient of multiple determination S F = safety factor VAR C , VAR R = variabilities of C and R, respectively ψ = mode-mixity angle
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= capacity of structure, for example, yield stress e A , e MM = errors in fracture toughness assessment corresponding to traditional (averaging) method and method with mode mixity, respectively e C , e R = error factors for C and R, respectively e rms = rms error G = strain energy release rate K 1 , K 2 = mode 1 and 2 stress intensity factors, respectively p, p max = load and critical load, respectively p allow = allowable flight load R = response of structure, for example, stress R 2 adj = adjusted coefficient of multiple determination S F = safety factor VAR C , VAR R = variabilities of C and R, respectively ψ = mode-mixity angle I. Introduction S TRUCTURAL design of aerospace structures is still performed with a deterministic design philosophy. Researchers are constantly improving the accuracy of structural analysis and failure prediction. This improvement in accuracy reduces uncertainty in aircraft design and can, therefore, be used to enhance safety. However, because the record of structural safety in civilian transport aircraft is very good, it makes sense to ask how to translate the reduced uncertainty to increased flight loads or weight reduction if safety is to be maintained at a specified level. The term allowable flight load refers here to the maximum allowable load that can be carried by the structure for a specific failure mode. Currently, there is no accepted way to translate the improvements in accuracy to weight savings or increased allowable flight loads. The objective of this paper is to take the first step in this direction by utilizing probabilistic design methodology. Haftka 1 describes how the work of Li et al. 2 and Arbocz and Starnes 3 to model variability in the buckling of circular cylinders inspired work in his research group on using variability control to reduce the weight of composite liquid hydrogen tanks. Qu et al. 4 showed that for a fixed probability of failure, small reductions in variability can be translated to substantial weight savings. Here we seek to investigate the potential of improved structural modeling.
Some commercial aircraft that entered service in 1970s or 1980s are expected to reach their design service life soon. However, because researchers are constantly improving the accuracy of structural analysis and failure prediction, the maximum allowable flight loads of those aircraft can be recalculated to utilize the full potential of their structures. Motivated by this goal, we consider a given aerospace structure that is already designed, and we aim to re-calculate the allowable flight load of the structure due to improved analysis. We expect that for some designs, lower allowable loads will be predicted by the improved analysis, whereas for others higher allowable flight loads will be predicted. However, because improved models reduce uncertainty, we may expect an average increase of the allowable flight loads over all designs. An important focus of the paper is to show that modeling error can masquerade as observed variability, which can be reduced (or even eliminated) by a better understanding of the physical phenomenon.
In this paper, we chose a sandwich panel as an example because the improved model was developed by one of the authors, and we had good access to the details of the experiments and computations. Sandwich structures are used in aerospace vehicles due to their low areal density and high stiffness. Debonding of the core from the face sheet is a common failure mode in sandwich construction, and the interfacial fracture is traditionally characterized by a single fracture toughness parameter. However, in reality, the fracture toughness is a function of the relative amount of mode 2 to mode 1 (mode mixity) acting on the interface. 5 The stiffness of sandwich structures depends very much on the integrity of the face sheet/core bonding. Even a small disbond can significantly reduce the load carrying capacity, especially when the structure is under compressive loads. 6, 7 Grau et al. 8 measured the interfacial fracture toughness as a function of mode mixity to characterize the propagation of the disbond between the face sheet and the core. They performed asymmetric double cantilever beam fracture tests to determine the interfacial fracture toughness of the sandwich composite and then demonstrated its application in predicting the performance of a sandwich structure containing a disbond. The use of mode-mixity-dependent fracture toughness led to improvement in the accuracy of failure prediction of the debonded structure. In this paper, we perform probabilistic analysis of the debonded sandwich structure analyzed by the deterministic approach by Grau et al. 8 to explore a possible increase in the allowable flight load of the structure.
The following section discusses the design of a sandwich structure used as an illustration. Section III presents the analysis of structural uncertainties (error and variability) with the primary perspective of how to control uncertainty. Discussion of the calculation of B-basis properties and allowable flight load calculation for sandwich structures by deterministic design are given in Sec. IV. In Sec. V, the assessment of the probability of failure of sandwich structures is presented. In Sec. VI, the tradeoffs of accuracy and allowable flight load via probabilistic design are discussed. Finally, concluding remarks are given in Sec. VII.
II. Structural Analysis of Sandwich Structure
Sandwich panels are susceptible to debonding of the face sheet from the core. This is similar to the phenomenon of delamination in laminated composites. Disbonds can develop due to poor manufacturing or during service, for example, due to foreign object impact damage. The evaluation of damage and prediction of residual strength and stiffness of debonded sandwich panels is critical because the disbonds can grow in an unstable manner and can lead to catastrophic failure. The stiffness of sandwich structures depends very much on the integrity of the face sheet/core bonding. Even a small disbond can significantly reduce the load carrying capacity, when the structure is under compressive loads 6, 7 because the debonded face sheet can buckle and create conditions at the crack tip that are conducive for unstable propagation of the disbond. This problem has become very significant after the historic failure of the X-33 vehicle fuel tank made up of sandwich panels of polymer matrix composite face sheets and a honeycomb core.
Fracture at the interface between dissimilar materials is a critical phenomenon in many multimaterial systems including sandwich construction. Traditionally, in engineering practice, the interfacial fracture was characterized by a single fracture toughness parameter obtained by averaging the interfacial fracture toughness, hereinafter termed average G c or G A c , obtained for some number of K 1 and K 2 combinations, where K 1 and K 2 are the mode 1 and mode 2 stress intensity factors, respectively. Later studies have indicated, 5 that for these multimaterial systems, the interfacial fracture is a strong function of the relative amount of mode 2 to mode 1 acting on the interface, hereinafter termed G c with mode mixity or G MM c . The criterion for initiation of crack advance at the interface can be stated as
where G c is the interfacial fracture toughness, which depends on the mode-mixity angle ψ. In bimaterial fracture, K 1 and K 2 are the real and imaginary parts of the complex stress intensity factor K . The toughness of interface G c (ψ) can be thought of as an effective surface energy that depends on the mode of loading. Grau et al. 8 analyzed a debonded sandwich panel and determined the maximum internal gas pressure in the core before the disbond could propagate. They used interfacial fracture mechanics concepts to analyze this problem. The main premise here is that the crack will propagate when the energy release rate equals the fracture toughness for the core/face-sheet interface. The load and boundary conditions for the model problem are shown in Fig. 1 . Note that due to symmetry only one-half of the structure is modeled.
The maximum allowable pressure for a given disbond length is calculated from the energy release rate G 0 for a unit applied pressure. The energy release rate G is proportional to the square of the applied load or
where p is the applied pressure. This failure assessment is a good approximation within the limits of a linear analysis. We assume that the epistemic uncertainty related to this failure function is negligible compared to the uncertainty in fracture toughness. The critical pressure p max can be obtained using
where G c is the interfacial fracture toughness of the sandwich material system obtained from testing. Grau 9 conducted asymmetric double cantilever beam tests to determine the interfacial fracture toughness of the sandwich composite. [The face-sheet material was A50TF266 S6 class E, fiber designation T800HB-12K-40B, matrix 3631, and the core sheet material was Euro-Composites aramid fiber-type honeycomb.] Grau et al. Fig. 2 , a simple way of determining the interfacial fracture toughness parameter is to perform fracture toughness tests for different core thickness, face-sheet thickness, and crack length combinations, which correspond to different mode-mixity values, and to take the average fracture toughness value. However, as seen from Fig. 2 , the critical energy release rate is assessed better as a function of mode mixity. Grau et al. 8 represent the critical energy release rate as a linear function of the mode mixity, which they calculate from finite element analysis, that improves the accuracy of estimate of G c . From Fig. 2 , we note that without the mode-mixity model, G c would exhibit huge scatter, from 443 to 1047 N/m. The mode-mixity model reduces the scatter because instead of a constant, G c is now predicted to vary from 513 to 875 N/m. That is, the simplicity of the average G c model causes error in that model to masquerade as variability. For instance, the model of constant gravity acceleration constant g will lead to a scatter when measured in different cities, partially due to the difference in altitude. A model that takes altitude into account will show less scatter around the computed value of g. The uncertainty reduction, in turn, can be used to increase the safety or the effectiveness of the structure.
III. Analysis of Error and Variability
A good review of different sources of uncertainty in engineering modeling and simulations is provided by Oberkampf et al. 10, 11 As in previous works, 12, 13 we simplify the classification as shown in Table 1 to distinguish between uncertainties that apply equally to the entire fleet of a structural component and uncertainties that vary for an individual structure. In addition, this simple classification makes it easy to analyze the effects of uncertainty control. The uncertainties that affect the entire fleet are called errors here. They reflect inaccurate modeling of physical phenomena, errors in structural analysis, errors in load calculations, or use of materials and tooling in construction that are different from those specified by the designer. The variability (aleatory uncertainty) reflects variability in material properties, geometry, or loading between different copies of the same structure.
For the sake of simplicity, we assume that with mode mixity there are no remaining errors in the predicted value of G c for a given modemixity angle calculated from finite element analysis. Adding an estimate of the remaining error can be easily accommodated by the analysis to follow. However, we assume that the scatter of G c around mode-mixity-dependent G c represents variability. The experimental values given in Table 2 are the mean values of the fracture toughness measured through five experiments by Grau et al. 8 for each mode mixity. We assume that the use of these mean values eliminates most of the measurement variability and leaves out only the material variability. In contrast, the scatter around the average G c represents a combined error and variability.
The deviations of experimentally measured fracture toughness values from the two fits d A and d MM , the deviations from the constant fit and from the linear fit (Fig. 2) , given in Table 2 are calculated from
Each row of Table 2 corresponds to a different specimen. Each specimen has a different core thickness, face-sheet thickness, and crack length, thus, having a different mode-mixity angle (calculated through finite element analysis). The sixth column of Table 2 The approximate cumulative distribution function (CDF) for the variability is obtained by using ARENA software.
14 The distribu- tion parameters and goodness-of-fit statistics for the distributions are as follows. For variability d MM , ARENA found the best distribution to be the normal distribution with a mean value of zero and a standard deviation of 113.8. For obtaining goodness-of-fit statistics, chi-square and Kolmogorov-Smirnov tests are the commonly used. For our case, the number of data points is low; hence, the chisquare test does not provide reliable statistics; therefore, ARENA uses the Kolmogorov-Smirnov test to decide if a sample comes from a population with a specific distribution. The p value of the Kolmogorov-Smirnov test is greater than 0.15. For total uncertainty d A , ARENA found the best distribution to be the normal distribution with a mean value of zero and a standard deviation of 162.2. The p value for the Kolmogorov-Smirnov test is again greater than 0.15. The corresponding p value is a measure for goodness of the fit.
Larger p values indicate better fits, 14 with p values less than about 0.05 indicating poor fit. Figures 3 and 4 show the comparison of the actual and fitted CDFs of the variability (Fig. 3 ) and the total uncertainty (Fig. 4) of the average fracture toughness, respectively. In Figs. 3 and 4 , the x axis represents the fitted CDF, whereas the y axis represents the actual CDF. If the fits were exact, they would follow the linear lines shown in Figs. 3 and 4 . We see in Figs. 3 and 4 that the deviations from the linear lines are not high; hence, the fitted distributions are acceptable. Fitting is performed using ARENA software. The Kolmogorov-Smirnov test p value is greater than 0.15.
In addition to variability in G c predictions, there is also variability in the pressure p. We assume that the maximum lifetime loading p follows lognormal distribution with mean value of p allow and coefficient of variation of 10%.
IV. Deterministic Design and B-Basis
Value Calculations
In deterministic design, the only use of probabilistic (or statistical) information is via conservative material properties, which are determined by the statistical analysis of material tests. In this paper, we use B-basis G c , which is defined as the value exceeded by 90% of the population (of material batches) with 95% confidence. This is given by
where μ is the mean, σ is the standard deviation, and k B is the tolerance coefficient needed to achieve the 90% setoff and the 95% confidence. If infinitely many material characterization tests were carried out, there would be no issue of confidence, and for normal distribution, 90% of the population will be exceeded by k B = z 0.1 = (0.1) = 1.282, where is the CDF of the standard normal distribution. With a finite sample of N tests, this is adjusted as where z 0.1 = (0.1) is the critical value of normal distribution that is exceeded with a probability of 10%. Grau et al. 8 used the fracture toughness values obtained from experiments to calculate the predicted failure load of a debonded sandwich structure shown earlier in Fig. 2 . They used different core thickness, face-sheet thickness, and crack length combinations and compared the predicted failure load of the structures designed via the use of average G c and mode-mixity-dependent G c . In their failure load calculation, Grau et al. 8 used the mean values for the fracture toughness, and they did not use a safety factor.
In this paper, we use B-basis values for fracture toughness and a safety factor of 1.4 for loading to assess the allowable flight load of the same sandwich designs used by Grau et al. 8 To calculate B-basis values, we use the standard deviations for fracture toughness given in Table 2 . The mean values and the corresponding B-basis values of the fracture toughness for the 13 designs given in the example in Ref. 8 are given in Table 3 .
Even though the scatter around the average G c is combination of error and variability, for deterministic design following FAA regulations it is treated as variability. The reduced standard deviation of the mode-mixity-dependent G c then allows increasing the allowable B basis. Figure 5 shows the fitted and B-basis values of the two approaches.
While calculating the B-basis values for fracture toughness given in Table 3 , we use N = 16, which increases k B to 2.035. Recall that the standard deviations σ of designs are obtained in the preceding section. For example, for the first design the mean value is 638.8. The corresponding B-basis value is calculated as 638.8 − 2.035 × 162.2 = 308.8.
After obtaining the B-basis values in Table 3 , we compute the allowable flight load p allow by deterministic design philosophy. As noted earlier, in addition to the use of B-basis material properties, a safety factor of 1.4 is also used for loads. Hence, Eq. (3) is modified to calculate the allowable flight loads for 13 different designs as Table 4 . The last column of Table 4 shows the percent change in the allowable flight load by using
. We see that allowable flight load is increased by 13.1% on average by using the mode-mixity-based B-basis properties. This is the improvement in allowable flight load using a deterministic approach. As shown in the next section, this increase in allowable flight load is accompanied by a reduction in probability of failure, so that the additional gains may be realized by using a probabilistic approach.
V. Assessment of Probability of Failure
The probability of failure of a structural component can be expressed in terms of its structural response R and its capacity C corresponding to that response by
For the sandwich structure analyzed here, the response R = G is the energy release rate [Eq. (2)], and the capacity C = G c is the interfacial fracture toughness. G depends on structural dimensions through G 0 [Eq. (2)]. Both response G and the capacity G c have variability that needs to be included in the calculation of the probability of failure. We assume that the variability in G is mainly due to the variability in load p rather than G 0 . Besides variability, there exist errors in assessing G and G c , for example, errors in load G 0 and material property calculations.
The general equation for probability of failure given in Eq. (8) can be expressed in this problem as
Then, the probability of failure can be written in functional form as
whereḠ c is the mean value of G c , e Gc is the error in G c predictions that we reduce by using mode-mixity-dependent G c instead of average G c , VAR Gc is the variability in G c , p allow is the allowable flight load (or mean value of the loading p), VAR P is the variability in p, and G 0 is the strain energy release rate corresponding to unit pressure that we assume to be deterministic. Because the limit-state function for this problem, g = G c − G 0 p 2 , is a simple function with only two random variables, we easily calculate the probability of failure by analytical means as follows.
The probability distribution function (PDF) of a function Z of two random variables X and Y , Z = h(X, Y ), can be calculated as (Ang and Tang, 16 p. 170)
where f X,Y (x, y) is the joint PDF of x and y. We can write the limit-state function for the sandwich panel problem as
Therefore, to calculate the PDF of g from Eq. (11), we replace Z with g, X with G c , and Y with p. We also have G c = g + G 0 p 2 , so that |∂ x/∂z| = |∂G c /∂g| = 1. After these substitutions and noting that p only takes positive values, we get from Eq. (11)
Here we assume that G C and p are statistically independent; hence, the joint distribution in Eq. (13) is calculated as
Then, the CDF of g is calculated as
which allows us to compute the probability of failure simply as P f = F G (0). Table 5 shows the probabilities of failure corresponding to deterministic allowable flight loads. We observe that in addition to the 13.1% average increase in allowable flight load, the average probability of failure was reduced by about a factor of five.
Notice that the probabilities of failure given in Table 5 are high. These probabilities of failure correspond to component failure probabilities. The probability of the actual structure will be much smaller due to the redundancy in the structure. For example, if we define the failure of the structure as simultaneous failures of two components having a correlation coefficient (of probability of failure) of 0.5, then component probabilities of failure 1.869 × 10 −3 and 0.369 × 10
given in the last row of Table 5 correspond to system probabilities of failure 1.280 × 10 −4 and 0.139 × 10 −4 , respectively. 
VI. Effects of Improved Model on Allowable Flight Load via Probabilistic Design
As seen from Eq. (10), there are four distinct ways to increase the allowable flight load of a structure: 1) Use a different material to increaseḠ c . 2) Develop more accurate solutions that reduce e Gc (such as the use of mode-mixity-dependent G c instead of average G c ). 3) Improve quality control and manufacturing processes to reduce variability VAR Gc or employ measures to reduce VAR P . 4) Use a heavier design to reduce G 0 . For a structure that is already built, only option 2 is available.
The preceding section showed how reductions in variability can increase allowable flight load using deterministic design. For probabilistic design, the mode-mixity approach is treated as an accuracy improvement, and we calculate its effect on the safe allowable flight load.
For a target probability of failure (P f ) target , the allowable flight load can be calculated from P f = P f Ḡ c , e Gc , VAR Gc , p allow , VAR P , G 0 = (P f ) target (16) Thus, given the target probability of failure, the allowable flight loads corresponding to different error factors on fracture toughness e Gc can be calculated from Eq. (17), P f e G c1 , p allow1 = P f e G c2 , p allow2 = (P f ) target (17)
For the present calculation, the target probability of failure is taken to be 1.869 × 10 −3 , which is the probability of failure with the deterministic allowable flight load using the average G c . (See Table 5 .) Table 6 shows the comparison of allowable flight load for the average G c and mode-mixity-dependent G c approaches in the case of probabilistic design. We see in Table 6 that by fixing the probability of failure rather than adjusting the B-basis properties, the average allowable flight load can be increased by 26.5%. Note, however, that for some structures the improved analysis may indicate a small reduction in allowable flight loads. With the deterministic approach, this is applied to designs 1 and 2 (Table 4) , whereas with the probabilistic approach, only design 1 suffers a small load reduction.
VII. Conclusions
The effect of an improved model for fracture toughness on allowable flight load was investigated using both deterministic and probabilistic design methodologies. For deterministic allowable flight load calculation, the improved model reduces scatter and allows an increase in the fracture toughness allowable calculated by B-basis properties, whereas for probabilistic allowable flight load calculation, the reduced error is incorporated into the calculation of probability of failure. We find that the deterministic approach leads to a 13.1% increase on average in the allowable flight load and reduction of the probability of failure by a factor of five. The use of B-basis properties in the deterministic design does not permit translating the full potential of improved modeling to increase allowable flight loads. In contrast, the probabilistic approach allows a 26.5% increase on average in the allowable flight load, while still maintaining the original probability of failure.
